Abstract. Let X be a compact Kähler manifold and α ∈ H 1,1 (X, R) a Kähler class. We study the metric completion of the space Hα of Kähler metrics in α, when endowed with the Mabuchi L 2 -metric d. We show that the metric completion (Hα, d) of (Hα, d) is a CAT(0) space which can be identified with a subset of the class E 1 (α) of positive closed currents with finite energy and contains all currents with higher order finite energy E 2 (α). We further prove, in the toric setting, that Hα,tor = E 2 tor (α).
Introduction Let X be a compact Kähler manifold and α ∈ H 1,1 (X, R) a Kähler class. The space H α of Kähler metrics ω in α can be seen as an infinite dimensional riemannian manifold whose tangent spaces T ω H α can all be identified with C ∞ (X, R). Mabuchi has introduced in [Mab87] an L 2 -metric on H α , by setting
where n = dim C X and V α = X ω n = α n denotes the volume of α.
Mabuchi studied the corresponding geometry of H α , showing in particular that it can formally be seen as a locally symmetric space of non positive curvature. Semmes [Sem92] re-interpreted the geodesic equation as a complex homogeneous equation, while Donaldson [Don99] strongly motivated the search for smooth geodesics through its connection with the uniqueness of constant scalar curvature Kähler metrics.
In a series of remarkable works [Chen00, CC02, CT08, Chen09, CS09] X.X.Chen has studied the metric and geometric properties of the space H α , showing in particular that it is a path metric space (a non trivial assertion in this infinite dimensional setting) of nonpositive curvature in the sense of Alexandrov. A key step from [Chen00] has been to produce almost C 1,1 -geodesics which turn out to minimize the intrinsic distance d.
It is a very natural problem to try and understand the metric completion of the metric space (H α , d) (see [Cla13] for motivations and similar considerations on the space of all riemannian metrics). This is the main goal of this article.
Main theorem. The metric completion (H α , d) of (H α , d) is a Hadamard space which consists of finite energy currents, more precisely
Moreover weak (finite energy) geodesics are length minimizing.
Recall that a Hadamard space is a complete CAT(0) space, i.e. a complete geodesic space which has non positive curvature in the sense of Alexandrov (see [BH99, Chapter II.1 
]).
Finite energy currents were introduced in [GZ07] , inspired by similar concepts developed by Cegrell in domains of C n [Ceg98] . They have become an important tool in constructing singular Kähler-Einstein metrics [EGZ09, BEGZ10] . We refer the reader to section 2 for a precise definition. We just stress here that when the complex dimension is n = 1, the class E 1 (α) consists of non negative Radon measures whose potentials have square integrable gradients; we show that the Mabuchi metric dominates the Sobolev norm in this case.
Weak geodesics are generalized solutions of the homogeneous complex Monge-Ampère equation, when the boundary data are no longer smooth points in H α , but rather finite energy currents in H α . They have played an important role in Berndtsson's recent generalization of Bando-Mabuchi's uniqueness result [Bern13] . They also play a crucial role in the variational approach to solving degenerate complex Monge-Ampère equations in finite energy classes and its application to the Kähler-Einstein problem on singular varieties [BBGZ13, BBEGZ11] .
When X P is a toric manifold associated to a Delzant polytope P ⊂ R n , the Legendre transformation allows to linearize the Monge-Ampère operator. We explain in section 4 that all notions (Kähler metrics, finite energy currents, geodesics, etc) have an elementary interpretation on P , following previous observations by Guillemin, Guan, Donaldson, Berman-Berndtsson [Gui94, Guan99, Don02, CDG03, BerBer13] (to name a few). Setting H tor for the set of toric Kähler metrics in α and E 2 tor for the corresponding set of finite energy toric currents, we then prove:
Toric theorem. The metric completion of (H tor , d) is (E 2 tor , d). More precisely toric Kähler metrics correspond to certain "smooth" convex functions on the polytope P , geodesics in H tor correspond to straight lines on P , and the Mabuchi distance corresponds to the Lebesgue L 2 -norm on the latter, while finite energy toric currents in E 2 correspond precisely to convex functions on P that are L 2 with respect to Lebesgue measure.
This obviously raises the question whether this equality holds in general, we believe such is the case. When α is a toric Kähler class on a compact toric Kähler manifold X P our toric result at least insures that the inclusion
is strict since toric elements of E 1 (α) \ E 2 (α) are at infinite distance from smooth ones. The organization of the paper is as follows. Section 1 is a recap on the Mabuchi metric and those results of Chen that we shall be using. We refer the interested reader to [G12] for a much broader overview of this exciting field. We introduce in Section 2 various classes of finite energy currents, compare their natural topologies with the one induced by the Mabuchi distance, and locate the metric completion of (H α , d).
We study weak geodesics in Section 3, completing there the proof of our main result, and provide a detailed analysis of the toric setting in Section 4.
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The space of Kähler metrics
Let (X, ω) be a compact Kähler manifold of dimension n. It follows from the ∂∂-lemma that any other Kähler metric on M in the same cohomology class as ω can be written as
This is a convex open subset of the Fréchet vector space C ∞ (X), thus itself a Fréchet manifold, which is moreover parallelizable :
Each tangent space is identified with C ∞ (X).
As two Kähler potentials define the same metric when (and only when) they differ by an additive constant, we set
where R acts on H by addition. The set H α is therefore the space of Kähler metrics on X in the cohomology class α := {ω} ∈ H 1,1 (X, R).
We briefly review in this section known facts about the riemannian structure of this space, as introduced by Mabuchi in [Mab87] and further investigated by Semmes [Sem92] , Donaldson [Don99] , Chen [Chen00, CC02] . Introductory references for this material are the lecture notes by Kolev [Kol12] and Boucksom [Bou12] .
1.1. The Riemannian structure.
where ϕ ∈ H, ψ 1 , ψ 2 ∈ C ∞ (X) and (ω + dd c ϕ) n /V α is the volume element, normalized so that it is a probability measure. Here
In the sequel we shall also use the notation ω ϕ := ω + dd c ϕ and
V α Geodesics between two points ϕ 0 , ϕ 1 in H are defined as the extremals of the Energy functional
where ϕ = ϕ t is a path in H joining ϕ 0 and ϕ 1 . The geodesic equation is obtained by computing the Euler-Lagrange equation for this Energy functional (with fixed end points). It reduces to
where the gradient is relative to the metric ω ϕ . This identity also writes
As for Riemannian manifolds of finite dimension, one can find the local expression of the Levi-Civita connection by polarizing the geodesic equation. We define the covariant derivative of the vector field ψ t along the path ϕ t in H by the formula
This covariant derivative is symmetric by its very definition, i.e.
for every family ϕ = ϕ s,t and it can be checked directly that it preserves the metric,
1.2. Dirichlet problem for the complex Monge-Ampère equation.
We are interested in the boundary value problem for the geodesic equation: given ϕ 0 , ϕ 1 two distinct points in H, can one find a path (ϕ(t)) 0≤t≤1 in H which is a solution of (1) with end points ϕ(0) = ϕ 0 and ϕ(1) = ϕ 1 ? It has been observed by Semmes [Sem92] that this can be re-formulated as a homogeneous complex Monge-Ampère equation.
For each path (ϕ
i.e. we associate to each path (ϕ t ) a function ϕ on the complex manifold X × A, which is radial in the annulus coordinate: we consider the annulus A as a Riemann surface with boundary and use the complex coordinate z = e t+is to parametrize the annulus A. Set ω(x, z) := ω(x).
The path ϕ t is a geodesic in H if and only if the associated radial function ϕ on X × A is a solution of the homogenous complex Monge-Ampère equation
We have stressed the fact that we take here derivatives in all variables x, z.
It is well known that homogeneous complex Monge-Ampère equations in bounded domains of C n admit a unique solution which is at most C 1,1 -smooth. A fundamental result of Chen [Chen00] shows the existence (and uniqueness) of almost C 1,1 -solutions to the geodesic equation
1 . It was expected that Chen's regularity result was essentially optimal (although Chen and Tian have proposed in [CT08] some improvements). This has been confirmed by Lempert, Vivas and Darvas in [LV13, DL12] .
We will consider in the sequel generalized geodesics with lower regularity, which turn out to be quite useful.
1.3. The Aubin-Mabuchi functional. Each tangent space T ϕ H admits the following orthogonal decomposition
where β = M A is the 1-form defined on H by
It is a classical observation that the 1-form β is closed. Therefore, there exists a unique function E defined on the convex open set H, such that β = dE and E(0) = 0. It is often called the Aubin-Mabuchi functional and can be expressed (after integration along affine paths) by
Lemma 1.3. The Aubin-Mabuchi functional E is concave, non-decreasing and satisfies the cocycle condition
It is affine along geodesics in H.
We sketch the proof for the reader's convenience.
Proof. The monotonicity property follows from the definition since the first derivative of E is dE = β = M A ≥ 0, a probability measure. The concavity follows from a direct computation (see e.g. [BEGZ10] ), while the cocycle condition follows by differentiating E(tϕ + (1 − t)ψ). The behavior of E along geodesics is also easily understood:
when ϕ t is a geodesic.
Since each path ϕ t = ϕ + t in H is a geodesic, we obtain in particular
Given ϕ ∈ H there exists a unique c ∈ R such that E(ϕ + c) = 0. The restriction of the Mabuchi metric to the fiber E −1 (0) induces a Riemannian structure on the quotient space H α = H/R and allows to decompose
as a product of Riemannian manifolds.
1.4. H as a symmetric space. Consider a 2-parameters family ϕ(s, t) ∈ H and a vector field ψ(s, t) ∈ C ∞ (X) defined along ϕ. The curvature tensor of the Mabuchi metric on H is defined by
where ϕ s , ϕ t denote the s and t derivatives of ϕ and
is the covariant derivative of ψ.
Proposition 1.4. The curvature tensor on H can be expressed as
where {ϕ 1 , ϕ 2 } is the Poisson bracket associated with the symplectic structure ω ϕ . Furthermore, the covariant derivative D r R(ϕ s , ϕ t ) of the curvature tensor R vanishes.
In other words, H is a locally symmetric space: ∇R = 0. In finite dimension, such a manifold is characterized by the fact that in the neighbourhood of each point x, the (local) geodesic symmetry of center x : exp x (X) → exp x (−X) is an isometry (see [Hel01] ). Note however that the exponential map is not well defined in our infinite dimensional setting.
The Mabuchi distance. The length of an arbitrary path (ϕ
The distance between two points in H is then
It is easy to verify that d defines a semi-distance (i.e. non-negative, symmetric and satisfying the triangle inequality). It is however non trivial, in this infinite dimensional context, to check that d is non degenerate (see [MM05] for a striking example). This was proved by Chen in [Chen00] (see also [CC02] ) who established that
• (H, d) is a metric space of non positive curvature;
• the geodesics (ϕ t ) are length minimizing;
• any sequence of asymptotically length minimizing paths converge, in the Hausdorff topology, to the unique geodesic. Moreover for all t ∈ [0, 1],
Remark 1.6. A delicate issue here is that it is not clear that the geodesics constructed by Chen lie in H. This problem has been recently adressed by He [He12] who showed that the whole construction can be extended to
Observe that d induces a distance on H α (that we abusively still denote by d) compatible with the riemannian splitting H = H α × R, by setting
whenever the potentials ϕ, ψ of ω ϕ , ω ψ are normalized by E(ϕ) = E(ψ) = 0.
It is rather easy to check that (H α , d) is not a complete metric space. Describing the metric completion (H α , d) is the main goal of this article. We shall always work at the level of potentials, i.e. we will try and understand the metric completion of the space (H, d).
Finite energy classes
We fix ω a Kähler form representing α and define in this section the set E(α) (resp. E p (α)) of positive closed currents T = ω + dd c ϕ with full Monge-Ampère mass (resp. finite weighted energy) in α, by defining the corresponding class E(X, ω) (resp. E p (X, ω) ) of potentials ϕ.
The space E(α).
2.1.1. Quasi-plurisubharmonic functions. Recall that a function is quasiplurisubharmonic if it is locally given as the sum of a smooth and a psh function. In particular quasi-psh functions are upper semi-continuous and L 1 -integrable. Quasi-psh functions are actually in L p for all p ≥ 1, and the induced topologies are all equivalent. A much stronger integrability property actually holds: Skoda's integrability theorem [Sko72] asserts indeed that e −εϕ ∈ L 1 (X) if 0 < ε is smaller than 2/ν(ϕ), where ν(ϕ) denotes the maximal logarithmic singularity (Lelong number) of ϕ on X.
Quasi-plurisubharmonic functions have gradient in L r for all r < 2, but not in L 2 as shown by the local model log |z 1 |.
Definition 2.1. We let P SH(X, ω) denote the set of all ω-plurisubharmonic functions. These are quasi-psh functions ϕ : X → R ∪ {−∞} such that
in the weak sense of currents.
The set P SH(X, ω) is a closed subset of L 1 (X), when endowed with the L 1 -topology.
2.1.2. Bedford-Taylor theory. Bedford and Taylor have observed in [BT82] that one can define the complex Monge-Ampère operator
n for all bounded ω-psh function: they showed that whenever (ϕ j ) is a sequence of smooth ω-psh functions locally decreasing to ϕ, then the smooth probability measures M A(ϕ j ) converge, in the weak sense of Radon measures, towards a unique probability measure that we denote by M A(ϕ).
At the heart of Bedford-Taylor's theory lies the following maximum principle: if u, v are bounded ω-plurisubharmonic functions, then
This equality is elementary when u is continuous, as the set {v < u} is then a Borel open subset of X. When u is merely bounded, this set is only open in the plurifine topology. Since Monge-Ampère measures of bounded qpsh functions do not charge pluripolar sets (by the so called Chern-LevineNirenberg inequalities), and since u is nevertheless quasi-continuous, this gives a heuristic justification for (M P ). The reader will easily verify that the maximum principle (M P ) implies the so called comparison principle:
2.1.3. The class E(X, ω). Given ϕ ∈ P SH(X, ω), we consider its canonical approximants
It follows from the Bedford-Taylor theory that the measures M A(ϕ j ) are well defined probability measures. Since the ϕ j 's are decreasing, it is natural to expect that these measures converge (in the weak sense). The following strong monotonicity property holds:
is an increasing sequence of Borel measures.
The proof is an elementary consequence of (M P ) (see [GZ07, p.445] ).
Since the µ j 's all have total mass bounded from above by 1 (the total mass of the measure M A(ϕ j )), we can consider
which is a positive Borel measure on X, with total mass ≤ 1. Definition 2.4. We set
The notation is justified by the following important fact: the complex Monge-Ampère operator ϕ → M A(ϕ) is well defined on the class E(X, ω), i.e. for every decreasing sequence of bounded (in particular smooth) ω-psh functions ϕ j , the probability measures M A(ϕ j ) weakly converge towards µ ϕ , if ϕ ∈ E(X, ω).
Every bounded ω-psh function clearly belongs to E(X, ω) since in this case {ϕ > −j} = X for j large enough, hence
The class E(X, ω) also contains many ω-psh functions which are unbounded. When X is a compact Riemann surface (n = dim C X = 1), the set E(X, ω) is the set of ω-sh functions whose Laplacian does not charge polar sets.
Remark 2.5. If ϕ ∈ P SH(X, ω) is normalized so that ϕ ≤ −1, then −(−ϕ) ε belongs to E(X, ω) whenever 0 ≤ ε < 1. The functions which belong to the class E(X, ω), although usually unbounded, have relatively mild singularities. In particular they have zero Lelong numbers.
It is shown in [GZ07] that the maximum principle (M P ) and the comparison principle continue to hold in the class E(X, ω). The latter can be characterized as the largest class for which the complex Monge-Ampère is well defined and the maximum principle holds. We further note that the domination principle holds:
Let us stress that the convergence of the canonical approximating measures µ j = M A(max(ϕ, −j)) towards µ ϕ holds in the (strong) sense of Borel measures, i.e. for all Borel sets B,
In particular when B = P is a pluripolar set, we obtain µ j (P ) = 0, hence µ ϕ (P ) = 0 for all pluripolar sets P.
Conversely, one can show [GZ07, BEGZ10] that a probability measure µ equals µ ϕ for some ϕ ∈ E(X, ω) whenever µ does not charge pluripolar sets (one then says that µ is non-pluripolar).
It follows from the ∂∂-lemma that any positive closed current T ∈ α writes T = ω + dd c ϕ for some function ϕ ∈ P SH(X, ω) which is unique up to an additive constant.
Definition 2.7. We let E(α) denote the set of all positive currents in α, T = ω + dd c ϕ, with ϕ ∈ E(X, ω).
The definition is clearly independent of the choice of the potential ϕ.
The complete metric spaces
2.2.1. Weighted energy classes. Let χ : R − → R − be an increasing function such that χ(−∞) = −∞. Following [GZ07] we let W denote the set of all such weights, and set
Definition 2.8. We let E χ (X, ω) denote the set of ω-psh functions with finite χ-energy, i.e.
denote the corresponding sets of finite weighted energy currents.
We list a few important properties of these classes and refer the reader to [GZ07] for the proofs:
• ϕ ∈ E p (X, ω) if and only if for any (resp. one) sequence of bounded ω-functions decreasing to ϕ,
In particular the class E p (X, ω) is starshaped and convex.
2.2.2. Strong topology on E 1 (α). The class E 1 (X, ω) plays a central role.
Its defining weight χ(t) = t is the only weight which is both convex and concave 2 ,
If we extend the Aubin-Mabuchi functional using its monotonicity property,
Thus E 1 (X, ω) is the natural frame for the variational approach to studying complex Monge-Ampère operators [BBGZ13] . Set
It has been shown in [BBEGZ11] that I defines a complete metrizable uniform structure on E 1 (α). More precisely we identify E 1 (α) with the set
of normalized potentials. Then • I is symmetric and positive on E 1 norm (X, ω) 2 \ {diagonal}; • I satisfies a quasi-triangle inequality [BBEGZ11, Theorem 1.8];
• I induces a uniform structure which is metrizable [Bourbaki] ;
Definition 2.10. The strong topology on E 1 (α) is the topology defined by I. We fix in the sequel a distance d 1 which defines this metrizable topology.
The corresponding notion of convergence corresponds to the convergence in energy previously introduced in [BBGZ13] (see [BBEGZ11, Proposition 2.3]). It is the coarsest refinement of the weak topology such that E becomes continuous. In particular
in the weak sense of Radon measures, while the Monge-Ampère operator is usually discontinuous for the weak topology of currents.
is the set of ω-subharmonic functions with square integrable gradient. The strong topology on E 1 (α) is the one induced by the Sobolev norm. When X = P 1 C is the Riemann sphere, ω = ω F S is the Fubini-Study Kähler form, and ε j ց 0 + , C j ր +∞, the functions
converge to zero in L 2 (X) but not in the strong topology if ε 2 j C j ≥ 1 since
2.2.3. Strong topology on E 2 (α). We now introduce an analogous strong topology on the class E 2 (α). For ϕ, ψ ∈ E 2 (X, ω), we set
This quantity is well-defined (and finite) by [GZ07, Proposition 3.6]. It is obviously non-negative and symmetric. It follows from the domination principle (Proposition 2.6) that I 2 (ϕ, ψ) = 0 =⇒ ϕ = ψ. This can also be seen as a consequence of Propositions 2.15 and 2.17 below.
Definition 2.12. The strong topology on E 2 (α) is the one induced by I 2 .
It follows from Propositions 2.15 and 2.17 below that the Mabuchi topology (induced by the Mabuchi distance) is stronger than the strong topology on E 1 (α) and weaker than the strong topology on E 2 (α). We set
Note that if a sequence (ϕ j ) ∈ E 2 norm (X, ω) is a Cauchy sequence for I 2 , then it is a Cauchy sequence in (E 1 norm (X, ω), d 1 ) since
as follows from the Cauchy-Schwarz inequality. Since (E 1 norm (X, ω), d 1 ) is complete, we infer the existence of ϕ ∈ E 1 norm (X, ω) such that d 1 (ϕ j , ϕ) → 0. Now I 2 (ϕ j , 0) is bounded and M A(ϕ j ) weakly converges to M A(ϕ) (by [BBEGZ11, Proposition 1.6]). It follows therefore from Fatou's and Hartogs' lemma that ϕ ∈ E 2 norm (X, ω) and I 2 (ϕ j , ϕ) → 0. We have thus proved that (E 2 norm (X, ω), I 2 ) is "complete" (with an abuse of terminology, as we haven't checked that I 2 induces a uniform structure).
Lemma 2.13. Let ϕ, ψ be bounded ω-psh functions and S be a positive closed current of bidimension (1, 1) on X. If ϕ ≤ ψ, then
In particular for all 0 ≤ j ≤ n,
Proof. By Stokes theorem,
The second assertion follows by applying the first one inductively.
Proposition 2.14. For ϕ, ψ ∈ E 2 (X, ω),
Proof. Recall that the maximum principle insures that
while (ϕ − max(ϕ, ψ)) 2 = 0 on (ϕ ≥ ψ), thus
Similarly
and the result follows since
Comparing distances.
The following lower bound is the first key observation for understanding the metric completion of (H, d):
Proposition 2.15. For all ϕ 0 , ϕ 1 ∈ H,
Proof. The cocycle condition (see Lemma 1.3) yields
Let (ϕ t ) t∈[0,1] be the geodesic joining ϕ 0 to ϕ 1 . Recall from Lemma 1.3 that t → E(ϕ t ) is affine. Since E is a primitive of the (normalized) complex Monge-Ampère, we infer
By Chen's theorem the length of this geodesic equals d(ϕ 0 , ϕ 1 ), while by definition the Riemannian energy
is constant hence equals d(ϕ 0 , ϕ 1 ) 2 . Cauchy-Schwarz inequality thus yields
The desired bound follows by reversing the roles of ϕ 0 and ϕ 1 .
Remark 2.16. This bound from below contains the non trivial information that (H, d) is a metric space. Observe indeed that the maximum of X (ϕ 1 − ϕ 0 )M A(ϕ 0 ) and X (ϕ 0 − ϕ 1 )M A(ϕ 1 ) is non negative (since the sum equals I(ϕ 0 , ϕ 1 ) which is non-negative). It follows therefore from Proposition 2.15 that d(ϕ 0 , ϕ 1 ) = 0 =⇒ I(ϕ 0 , ϕ 1 ) = 0 =⇒ ω ϕ 0 = ω ϕ 1 , hence ϕ 1 = ϕ 0 + c for some c ∈ R. The constant c has to be zero as well since the maximum vanishes.
We also have the following upper-bound:
Proof. We first assume that ϕ 0 ≤ ϕ 1 . Let (ϕ t ) be the geodesic joining ϕ 0 to ϕ 1 . It follows from the maximum principle that t → ϕ t is increasing. As it is convex as well, we infer
We give an alternative proof of the upper bound which does not use Chen's result. This might be of interest in more singular contexts. We can join ϕ 0 to ϕ 1 by a straight line ψ t = tϕ 1 + (1 − t)ϕ 0 , thus
by Cauchy-Schwarz inequality. Now
and for all 0 ≤ j ≤ n,
as follows from Lemma 2.13, yielding
We now treat the general case. It follows from the triangle inequality that
by using the elementary inequality
Remark 2.18. The lower bound
is a particular case of the lower bound obtained by Blocki in [Blo12] , who showed -generalizing a previous lower bound due to Donaldson [Don99] and Chen [Chen00] -that
Indeed since the measure (ϕ 1 − ϕ 0 ) 2 M A(max(ϕ 0 , ϕ 1 )) does not charge the set {ϕ 0 = ϕ 1 }, and since M A(max(ϕ 0 , ϕ 1 )) = M A(ϕ 0 ) on the Borel set {ϕ 0 > ϕ 1 }, it follows from the maximum principle (M P ) that
which yields the contents of [Blo12, Theorem 1.2].
Metric completion.
Recall that the precompletion of a metric space (X, d) is the set of all Cauchy sequences C X of X, together with the semidistance
The metric completion (X, d) of (X, d) is the quotient space C X / ∼, where
equipped with the induced distance that we still denote by d.
Recall that a path metric space is a metric space for which the distance between any two points coincides with the infimum of the lengths of rectifiable curves joining the two points. By construction the space (H, d) is a path metric space. For such metric spaces, an alternative description of the metric completion can be obtained as follows: consider C ′ X the set of all rectifiable curves γ : (0, 1] → X equipped with the semi-distance ( . γ,γ) := lim 
d(γ(t),γ(t)).
The metric completion (X, d) is then the quotient space C ′ X / ∼ which identifies zero-distance curves γ,γ.
Both constructions yield a rather abstract view on the metric completion. We are now taking advantage of the fact that H leaves inside the complete metric space (E 1 , d 1 ) to identify H with a subset of E 1 :
A similar result holds at the level of potentials,
Proof. We first work at the level of normalized potentials, with
and
Let (ϕ j ) ∈ H N norm be a Cauchy sequence for the Mabuchi distance. It follows from Proposition 2.15 (applied with ϕ 0 = 0 and ϕ 1 = ϕ j ) that
is uniformly bounded from above. Now sup X ϕ j = 0 hence X ϕ j ω n Vα is bounded as well (by [GZ05, Proposition 2.7]), thus
It follows that (ϕ j ) stays in a weakly compact subset of normalized functions with uniformly bounded energies,
. It follows moreover from Proposition 2.15 and [BBGZ13, Theorem 3.12] that the injection H norm ֒→ E 1 norm (X, ω) is continuous. We now show that H norm contains E 2 norm (X, ω). Fix ϕ ∈ E 2 norm (X, ω) and let (ϕ j ) ∈ H N norm be a sequence decreasing to ϕ (the existence of such a sequence follows from Demailly's regularization result [Dem92] ). It follows from Proposition 2.17 that
Now [GZ07, Lemma 3.5] shows that the latter is bounded from above by
which converges to zero as j → +∞, as follows from the monotone convergence theorem. Therefore (ϕ j ) is a Cauchy sequence in (H norm , d).
by Proposition 2.17 and [BEGZ10, Theorem 2.17]. We note the following alternative approach of independent interest. One first shows that H norm contains all bounded ω-psh functions. Given ϕ ∈ E 2 norm (X, ω) one then considers its "canonical approximants"
which decrease towards ϕ ∈ E 2 (X, ω). It follows from Proposition 2.17 that
where we have used the maximum principle (MP) together with the fact that since ϕ ∈ E(X, ω),
as follows again from the maximum principle. We infer that (ϕ j ) is a Cauchy sequence. Its limit point in the metric completion of (H, d) is again ϕ. We finally show how to deal with unnormalized potential. If (ϕ j ) ∈ H N is a Cauchy sequence for the Mabuchi distance, we need to show that M j := sup X ϕ j is bounded. Set ψ j := ϕ j −M j ∈ H norm . It follows from Proposition 2.15 that there exists C > 0 such that for all j ∈ N,
is uniformly bounded as well, thus
showing that M j = sup X ϕ j is bounded.
Remark 2.20. It is natural to wonder, in view of Theorem 4.6, whether
The toric setting is of course very particular, but Theorem 4.6 nevertheless shows that H α is in general strictly contained in E 1 (α). It follows from the continuity properties along decreasing sequences that the lower and upper-bounds obtained in Propositions 2.15 and 2.17 continue to hold for ϕ ∈ H. One can further extend the Mabuchi distance to E 1 along such sequences, but one should then expect that potentials in E 1 \ E 2 are at infinite distance from smooth ones.
Weak geodesics
3.1. Bounded geodesics. Homogeneous complex Monge-Ampère equations have been intensively studied since the mid 70's, after Bedford and Taylor laid down the foundations of pluripotential theory in [BT76, BT82] . An adaptation of the classical Perron envelope technique yields the following: Proposition 3.1. Assume ϕ 0 , ϕ 1 are bounded ω-psh functions. Then
is the unique bounded ω-psh function on X × A solution of the Dirichlet problem Φ |X×∂A = ϕ 0,1 with
Moreover Φ(x, z) = Φ(x, t) only depends on |z| and
Proof. Recall that A = [1, e]×S 1 is an annulus in C with complex coordinate z = e t+is . The proof follows from a classical balayage technique, together with a barrier argument: observe that for A = ϕ 1 − ϕ 0 L ∞ (X) , the function χ t (x) = max{ϕ 0 (x) − A log |z|, ϕ 1 (x) + A(log |z| − 1)} belongs to the family and has the right boundary values. Using that t → Φ t is convex (by subharmonicity in z), one easily deduces the bound on |Φ|.
We refer the reader to [PSS12, Bern13] for more details.
The function Φ (or rather the path Φ t ⊂ P SH(X, ω) ∩ L ∞ (X)) has been called a bounded geodesic in recent works (see notably [Bern13] ). We use the same terminology here (although it might be confusing at first), as we will show that bounded (and later on weak) geodesics are geodesics in the metric sense, i.e. constant speed rectifiable paths which minimize length: Proposition 3.2. Bounded geodesics are length minimizing. More precisely, if ϕ 0 , ϕ 1 are bounded ω-psh functions and Φ(x, z) = Φ t (x) is the bounded geodesic joining ϕ 0 to ϕ 1 , then for all t ∈ [0, 1],
Proof. We prove this in two steps.
Assume first that ϕ 0 ∈ H, while
1 ∈ H be a sequence decreasing to ϕ 1 . It follows from Proposition 2.17 and [BEGZ10, Theorem 2.17] that
It follows moreover from the maximum principle and the uniqueness in Proposition 3.1 that Φ t,j decreases to Φ t as j increases to +∞.
We infer now from Chen's theorem that
where Φ 0,j denotes the geodesic joining ϕ 0 to ϕ (j)
1 . It follows from the convexity of t → Φ t,j that for all x ∈ X,
Letting j → +∞ and then t ց 0 + , we infer
Observe conversely that by convexity of t → Φ t ,
where the last inequality follows from the maximum principle, which insures that Φ t,j decreases to Φ t . Since Φ 0 = ϕ 0 = Φ 0,j is fixed, we can let t decrease to zero and obtain that for all j, x,
ThereforeΦ 0,j (x)−→Φ 0 (x) as j → +∞. Since these functions are uniformly bounded by previous Proposition, the dominated convergence theorem insures that
It follows indeed from Stokes theorem that
since (Φ t ) is a bounded geodesic. We now treat the general case, i.e. ϕ 0 , ϕ 1 ∈ P SH(X, ω) ∩ L ∞ (X). We again approximate ϕ 1 by a decreasing sequence of smooth functions ϕ The same reasoning allows one to pass again to the limit and conclude.
Remark 3.3. Let (ϕ j ) be a sequence of bounded ω-psh functions uniformly converging to some ω-psh function ϕ. Let Φ t denote the geodesic joining ϕ j to ϕ. It follows from Proposition 3.1 that for all 0 ≤ t ≤ 1,
We will see in Example 4.4 that the convergence in the Mabuchi sense is much weaker than the uniform convergence.
3.2. Finite energy geodesics. We now define weak geodesics joining two finite energy endpoints ϕ 0 , ϕ 1 ∈ E 1 (X, ω). Fix j ∈ N and consider ϕ
smooth (or bounded) ω-psh functions decreasing to ϕ 0 , ϕ 1 . We let ϕ t,j denote the bounded geodesic joining ϕ
1 . It follows from the maximum principle that j → ϕ t,j is non-increasing. We can thus set
It follows again from the maximum principle that ϕ t is independent of the choice of the approximants ϕ
1 . If we set as previously Φ(x, z) := ϕ t (x), with z = t+is, then Φ is a maximal ω-psh function in X ×A, as a decreasing limit of maximal ω-psh functions. It is thus the unique maximal ω-psh function with boundary values ϕ 0 , ϕ 1 . We call it the (unique) weak geodesic joining ϕ 0 to ϕ 1 .
The ϕ t 's form a family of finite energy functions, since t → E(ϕ t,j ) is affine hence
We now show that these weak geodesics are minimizing geodesics:
Theorem 3.4. The space (H, d) is a CAT(0) space. More precisely, given ϕ 0 , ϕ 1 ∈ H, the weak geodesic Φ joining ϕ 0 to ϕ 1 is a minimizing geodesic,
Complete CAT(0) spaces are also called Hadamard spaces. Recall that a CAT(0) space is a geodesic space which has non positive curvature in the sense of Alexandrov. Hadamard spaces enjoy many interesting properties (uniqueness of geodesics, contractibility, convexity properties,...see [BH99] ).
Proof. The proof that (H, d) is a geodesic space is very similar to that of Proposition 3.2 and again divided in two steps. Note that (H, d) is a complete path metric space, being the completion of the path metric space (H, d). The Hopf-Rinow-Cohn-Vossen theorem (see [BH99, Proposition 1.3 .7]) insures that a complete locally compact path metric space is automatically a geodesic space. Here (H, d) is not locally compact (it is merely locally weakly compact), but we have a natural candidate for the minimizing geodesics.
We assume first that ϕ 0 is bounded and approximate ϕ 1 by ϕ (j) 1 = max(ϕ 1 , −j). Let Φ t,j denote the corresponding bounded geodesic. The same proof as that of Proposition 3.2 shows that for all x ∈ X,
however there is no domination anymore. Fatou's lemma nevertheless insures that
Since t → Φ t is a weak geodesic, we observe as previously done that
whence equality since (H, d) is a path metric space. The second step treats the general case. We approximate ϕ 0 by bounded ω-psh functions and apply the first step. The conclusion follows by repeating similar arguments as above.
We finally note that Calabi and Chen proved in [CC02, Theorem 1.1] that (H, d) satisfies the CN inequality of Bruhat-Tits [BT72] . It follows therefore from [BH99, Exercise 1.9.1.c and Corollary 3.11] that (H, d) is a CAT(0) space.
The toric case
Recall that a compact Kähler toric manifold (X, ω, T ) is an equivariant compactification of the torus T = (C * ) n equipped with a T -invariant Kähler metric ω which writes
and F : R n → R is strictly convex. The celebrated Atiyah-Guillemin-Sternberg theorem asserts that the moment map ∇F : R n → R n sends R n to a bounded convex polytope
where d ≥ n + 1 is the number of (n − 1)-dimensional faces of P ,
with l i ∈ R and u i is a primitive element of Z n , normal to the i th (n − 1)-dimensional face of P .
Delzant observed in [Del88] that in this case P is "Delzant", i.e. there are exactly n faces of dimension (n − 1) meeting at each vertex, and the corresponding u j 's form a Z-basis of Z n . He conversely showed that there is exactly one (up to symplectomorphism) compact toric Kähler manifold (X P , {ω P }, T ) associated to a Delzant polytope P ⊂ R n . Here {ω P } denotes the cohomology class of the T -invariant Kähler form ω P . Let
denote the Legendre transform of F . Observe that G = +∞ in R n \ P and for s ∈ P = ∇F (R n ),
Guillemin observed in [Gui94] that a "natural" representative of the cohomology class {ω P } is given by
where
We refer the reader to [CDG03] for a neat proof of this beautiful Guillemin formula.
Example 4.1. When X = CP n and ω is the Fubini-Study Kähler form, then
and ℓ ∞ ≡ 0 so that
4.1. Toric geodesics. Let (X, ω, T ) be a compact toric manifold. If ϕ 0 , ϕ 1 ∈ H are both T -invariant, it follows from the uniqueness that the geodesic (ϕ t ) 0≤t≤1 consists of T -invariant functions. Let F t denote the corresponding potentials in R n so that
The map (x, t) → ϕ t (x) is smooth and corresponds to the Legendre transform of an affine path on P .
In other words the Legendre transform G t of F t is affine in t. The proof is elementary, it suffices to differentiate twice the defining equation for G t . In a similar vein we obtain an explicit formula for the Mabuchi distance between ϕ 0 and ϕ 1 :
Observe that
where M A R denotes the real Monge-Ampère measure (in the Alexandrov sense, see [Gut01] ) of the convex function F 0 . Thus
Example 4.4. Assume X = CP 1 is the Riemann sphere and ω is the FubiniStudy Kähler form. Let ϕ 0 be the toric function associated to the convex potential
Observe that ω 0 = dd c F 0 • L is the (normalized) Lebesgue measure on the unit circle S 1 ⊂ C * ⊂ CP 1 . We consider ϕ 1 = ϕ j a sequence of toric potentials defined by the convex functions F j (x) = (1 − ε j )F 0 (x) + ε j max(x, −C j ),
where ε j decreases to 0, while C j increases to +∞. A straightforward computation yields G j (s) = max(C j [ε j − s], 0).
We thus obtain in this case, as j → +∞,
• ϕ j −→ ϕ 0 in (E 1 , I 1 ) iff ε 2 j C j → 0; • ϕ j −→ ϕ 0 in (E 2 , I 2 ) iff ε 3 j C 2 j → 0; • ϕ j −→ ϕ 0 in (H, d) iff ε 3 j C 2 j → 0. The convergence in (E 1 , I 1 ) is here (i.e. in dimension n = 1) the convergence in the Sobolev norm W 1,2 . For ε j = 1/j and C j = j 3/2 we therefore obtain an example of a sequence which converges in the Sobolev sense but not in the Mabuchi metric.
4.2. Toric singularities. Let ϕ ∈ H be a toric potential. We are going to read off the singular behavior of ϕ from the integrability properties of the Legendre transform of its associated convex potential.
We let F ϕ and G ϕ denote the corresponding convex function and its Legendre transform. The function ϕ is bounded (resp. continuous) if and only if so is F ϕ − F on R n , since F ϕ • L = F • L + ϕ, if and only if so is G ϕ on P , as G (Guillemin's potential) is continuous on P .
The same conclusion holds if we take as a reference potential the support function F P of P , defined by It is the Legendre transform of the function G P which is identically 0 on P and +∞ in R n \ P . We can similarly understand finite energy classes: Proposition 4.5.
ϕ ∈ E q tor (X, ω) ⇐⇒ G ϕ ∈ L q (P ).
We refer the reader to [BerBer13, Proposition 2.9] for an elegant proof of this result when q = 1.
Proof. We first show that ϕ ∈ E q tor (X, ω) =⇒ G ϕ ∈ L q (P ). Approximating ϕ from above by a decreasing sequence of smooth strictly ω-psh toric functions, this boils down to show a uniform a priori bound
We can assume without loss of generality that F ≤ F P (since ϕ is upper semi-continuous hence bounded from above on X which is compact). Recall that ϕ = (F ϕ − F P ) • L in (C * ) n , where F P denotes a reference potential associated to ω. Changing variables and using the Legendre transform yields We now take care of the converse implication. To simplify notations we only treat the case of the complex projective space, using the same notations as in Example 4.1. We want to get an upper bound on X |ϕ 0 − ϕ| q M A(ϕ) involving P |G − G 0 | q (s)ds, where We decompose (C * ) n in 2 n pieces, according to whether |z j | ≤ 1 or ≥ 1. By symmetry, it suffices to bound ∆ n |ϕ 0 − ϕ| q M A(ϕ), where ∆ n = {z ∈ (C * ) n , |z j | ≤ 1 for all 1 ≤ j ≤ n} is sent by L to R n − . Now F 0 is bounded on R n − , 0 ≤ F 0 ≤ log(n + 1)/2, so
is bounded from above if and only if so is R n − |F | q M A R (F ). Applying the Legendre transform yields
as desired.
Theorem 4.6. The metric completion of (H tor , d) is (E 2 tor , d). Proof. We have already observed that the metric completion of (H tor , d) can be identified to a subset of E 1 tor . It follows from Proposition 4.3 and Proposition 4.5 that the only functions lying at finite distance from smooth toric potentials are those which belong to E 2 tor .
